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The so-called Bianchi model in general relativity has been widely studied by
many people (see [1][2] for example). In the model, a space-time is assumed to
have symmetry, namely spatially homogeneity. Since the gravitational degrees of
freedom are reduced to be nite in this model, it gives an appropriate system
for us to understand the full complexity of the Einstein equations and physical
cosmology described by it. It also serves as a natural background for perturbations
and for a study of quantum elds on it. Moreover, this minisuperspace can be
used as a toy model for understanding quantum cosmology. In that context one
usually assumes that the spatially homogeneous hypersurface is compact without
boundary, i.e. closed.
In this paper, we study such a closed Bianchi model from geometrical view-
point. We show some interesting kinematical properties intrinsic to the closed
Bianchi model which follow from the spatial homogeneity and spatial compact-
ness. In order to show them, we utilize a recent mathematical result on three-
dimensional manifold by Thurston and others. Some of our results were mentioned
in some works by other people, but under somewhat restrictive conditions. We do
not assume such restrictions in our geometrical argument and shall make clear
some points unnoticed in the literature. In the end of our paper, we describe how
such study of closed Bianchi models is useful in order to investigate the global
dynamical degrees of freedom, which are often called \moduli", of a closed 3-space
in (3+1)-dimensional gravity.
Let us begin with a general description of homogeneity in geometry. A Rie-
mannian manifold (M; g) is dened to be locally homogeneous, if for every pair of
points x; y 2 M there are neighborhoods U and V of x and y, for which there exists
a local isometry mapping (U; x) to (V; y). Such local isometries do not, in general,
extend to isometries of the whole (M; g). Let us denote the full group of isometries
of (M; g) by Isom(M; g). Then if for every pair of points x; y 2 M there is an isom-
etry  2 Isom(M; g) such that (x) = y, that is, Isom(M; g) acts transitively on M ,
one says that (M; g) is (globally) homogeneous. Since it is a standard fact that a
simply-connected and locally homogeneous manifold is globally homogeneous, the
universal covering space (M˜; g˜) of a locally homogeneous manifold (M; g) must be ho-
mogeneous. For our convenience, we shall say that a homogeneous manifold (M; g)
is simply homogeneous if Isom(M; g) has a three-dimensional subgroup G3 that acts
simply-transitively on M . In that case, we call the G3 a homogeneity group. If the
universal covering space of a locally homogeneous manifold is simply homogeneous
with a homogeneity group G3, then we shall call it a locally homogeneous manifold
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Table 1: Geometry of the compactied Bianchi type
Thurston Type Bianchi Type




S2  E1 | |
H2 E1 III=VI(1)˜SL2R VIII III=VI(1)
Nil II
Sol VI(0)
Table 2: The correspondence between the Thurston type and the Bianchi type
